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ABSTRACT 
Physical quasicrystals have been observed with decagonal, octagonal, dodecagonal or icosa- 
hedral symmetry. The first three cases are represented by planar patterns of points, arising by or- 
thogonal projection from the lattice of centres of close-packed balls in 4 dimensions, with each ball 
kissing 20 or 24 others. Such a pattern of points in the plane may be regarded as the set of vertices 
of a nondiscrete regular tessellation of overlapping pentagons, octagons or dodecagons. When in- 
terpreted in the Argand plane as a set of complex numbers, it is the ring of algebraic integers in 
the field generated by the nth roots of unity, where n = 5,8 or 12. 
1. INTRODUCTION 
Euler’s function G(n), the number of positive integers less than and prime 
to n, is equal to 1 or 2 when n = 2,3,4 or 6, and to 4 when n = 5,8,10 or 12. 
This has an immediate consequence for regular n-gons {n} : the digon, triangle, 
square and hexagon have no ‘stellations’, but the pentagon, octagon, decagon 
and dodecagon have each one, namely the pentagram {$}, octagram {+}, 
decagram {y), dodecagram {y} [Cl, p. 371. 
There are two applications to trigonometry: cos 2r/n is rational when n = 
2,3,4 or 6, and quadratic when n = 5,8,10 or 12 [H, p. 151; and 
exp(2ni/n) 
(the primitive nth root of 1) satisfies a quadratic equation 
x2-1 =o, x2+x+1 =o, x*+1=0 or x*-x+1=0 
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when n = 2,3,4 or 6, and satisfies a quartic equation 
x4+x3+x2+x+1 ‘0, x4+1 =O, x4-x3+x2-x+1 =0 or 
x4-x2+1 =o 
when n-5,8,10 or 12. 
There is also a crystallographic consequence [BBNWZ, p. 91: symmetry 
operations of a lattice in 2 (or 3) dimensions can only have periods 2,3,4,6, but 
those of a lattice in 4 (or 5) dimensions can also have periods 5,8,10,12. 
Finally [S, p. 105 191 physicists have observed metallic quasicrystals exhibiting 
octagonal, decagonal, dodecagonal or icosahedral symmetry. The geometry of 
icosahedral quasicrystals has become famous. Among the many investigators, 
I would mention particularly Peter McMullen [H, pp. 164-165, 1751, who used 
nondiscrete honeycombs such as the honeycomb 
.--. -. 
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of quasi-regular polyhedra [C2, p. 1011 based on the kaleidoscope X4 [C2, 
p. 1921 whose four mirrors are the planes 
x=0, y=o, z=o, sx+y+5-‘z=l, 
where T = 2 cos n/5. 
2. THE INTEGERS IN Q(e2K”5) 
The two most symmetrical lattices in four dimensions [C3, pp. 567, 5791 are 
. 
a4h = 
0 
. 
ha, = ---- 
1 
p. 
1 
derived from the groups A4 and a,. The simplest coordinates for these points 
consist of five integers with a constant sum and four integers with an even sum. 
Their vertex figures are the expanded 5-cell and the regular 24-cell, 
ea4= 
[C4, p. 5401, whose vertices are the permutations of 
(l,-l,O,O,O) and (*l,*l,O,O). 
The symmetry group of ea4 is the direct product Gs x Q2 of the symmetric 
group 
. . 
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with the Q2 generated by the central inversion. The dots in the diagram 
[H, p. 130 (figure l)] represent reflections 
(0 I), (1 2), (2 3), (3 4) 
which transpose pairs of vertices of the 5-cell cz4. The half-turns 
(0 1) (2 3) and (1 2) (3 4) 
are involutions whose product has period 5; thus they generate a dihedral sub- 
group Q of @, which combines with Qz to form the larger dihedral group 
This amount of symmetry is maintained when the polytope is orthogonally pro- 
jected onto a plane in such a direction that the 5 coordinate axes become 5 rays 
symmetrically disposed round the origin: that is, they become rays from 0 to 
the 5 fifth roots of 1 in the Argand plane. Accordingly, it is not surprising that 
e(r4 can be projected so that its 20 vertices, and 20 of its 60 edges, form a 
decagon and a concentric decagram, as in fig. 1. 
Fig. 1. The decagonal projection of ecq. 
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By this procedure, the permutations of (1, -l,O,O,O) yield the complex 
numbers 
[P-c” 05114, p#v, [=e2ni’5. 
But a notable simplification can be achieved by removing the common factor 
1 - [, so that the vertices 
1-i,1-r4,r3-r4,r3-r2,r-r2,r-1,r4-1,r4-r3,r2-r3,r2-r 
of the decagram become 
1, X4, r3, X2, L -1, r4, X39 r2, -r, 
and the vertices 
r4-r2,1-r2,1-r3,r-r3,r-r4,r2-r4,r2-1,r3-1,r3-r,r4-r 
of the peripheral decagon become 
-r2-53,1+r,-r3-r4,r+r2,-r4-1,r2+r3,-1-r,r3+r4,-r-r2,r4+1 
or, in terms of 
r=l+[+c-i=-+[3, 
The same procedure which projects ea4 into this planar figure must project 
the whole lattice a,h into a set of points representing the ring of complex 
numbers based on 1, [, (T2, C3 (and c4 = -1 - [- c2- c3), that is, the ideal con- 
sisting of all the integers in the cyclotomic field Q(c), where c is the primitive 
fifth root of 1. A fragment, involving 21 of the points, appears in fig. 2 (which 
is figure 4.6~ of [Cl, p. 631). 
This ideal is, of course, invariant for multiplication by any ‘integer’; in par- 
ticular, for multiplication by the real number 
where r=+(l/S+l) so that T-‘= $(fi - 1). Therefore the representative planar 
‘lattice’ is nondiscrete. This self-similarity is already illustrated in fig. 1, where 
the dilatation by r takes the inner decagon (circumscribing the decagram) to the 
peripheral decagon. 
Since all the points are related by translations, each one of them belongs to 
ten congruent decagons (of infinitely many sizes) and to ten congruent deca- 
grams and pentagons and pentagrams. For instance, we see in fig. 2 that the five 
points 
0, 1, 1+r, rr, -c4 
form a pentagon (and, in a different order, a pentagram). It thus becomes clear 
that the points representing the integers of Q(c) can be identified with the ver- 
tices of each of the nondiscrete regular tessellations 
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Fig. 2. The beginning of the nondiscrete tiling (5, y}. 
The occurrence of several tessellations having the same vertices is not surprising 
when we look at the small stellated dodecahedron {$, 5}, the great dodeca- 
hedron { 5, I} and the icosahedron { 3,5}. The last two have even the same 
edges [C2, p. 981, as do our four nondiscrete tessellations. 
The peripherical decagon in fig. 2 (a face of {lo,+}) is filled with five ‘fat’ 
rhombs such as 
and five ‘thin’ rhombs such as 
r, 1+r, 74-9 r+r*. 
In fact, every edge belongs to four fat and four thin rhombs; for instance, the 
edge (0,l) forms fat rhombs with 
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and thin rhombs with 
By careful choice of further rhombs, the decagon filled with five of each kind 
can be surrounded by others so as to continue (in infinitely many ways) the con- 
struction of a simple nonperiodic tiling. In other words, the points representing 
the integers in Q(c) include the vertices of all the Penrose tilings of fat and thin 
rhombs [GS, p. 543; H, p. 1221. 
We have obtained these points by projecting the lattice aph. But we would 
equally well have obtained them by projecting the Sdimensional cubic lattice 
a,= {4,3,3,3,4) 
[deB, p. 401 whose cells are Scubes ys = (4,3,3,3}. The decagonal projection 
of such a cell [C2, p. 2441 strikingly resembles fig. 2. 
Fig. 3. The octagonal projection of the 24-cell t,/& = { 3,4,3). 
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3. THE INTEGERS IN Q(~Y=“~) 
By expressing the regular 24-cell in the form 
we are stressing the fact that its 24 vertices are the midpoints of the edges of 
the regular 16-cell 
[C2, p. 1481. Thus t, p4 is symmetrical by four reflections R, represented by the 
dots in the diagram 
for the group II,= [3,3,4] = [4,3,3] [C3, p. 5631. The half-turns R,R, and 
R,R,, being involutions whose product has period h = 8 [C2, p. 2211, generate 
the dihedral subgroup [8] = 59s of [3,3,4]. This amount of symmetry is main- 
tained when we project onto a plane in such a direction that the vertices 
(l,O,O,O), (0, 1 3% Oh (0,0,1,0), (O,O,O,l), 
(--l,O,O,O), @-l,O,O), (O,O,-1,019 (O,O,O,-1) 
of the 16-cell p4 become points representing the 8 eighth roots of 1, namely q” 
(0 I v I 7), where 
rl = p/4 
= (1 + i)/l/z. 
Since the 24 edges of /34 project into the sides and diagonals of this octagon 
(except the diameters), their midpoints are arranged by eights on three concen- 
tric circles, as in fig. 3, which is thus seen to be a projection of the regular 
24-cell t,P4 = (3,4,3}. The octagon formed by the outermost ring of eight 
points, and the octagram formed by the innermost, belong to the familiar oc- 
tagonal projection of an inscribed 4-cube y4 = {4,3,3} [C2, p. 1231. Taking the 
projected vertices of /34 to be fl(l + q)q”, we obtain the 24 midpoints in 
the form 
and rl “-l+q”+q”+l = (1 +fi)yI”. 
The same procedure which projects tlP4 = { 3,4,3} into this planar figure 
must project the whole lattice ha, = {3,3,4,3} [C3, p. 5811 into a set of points 
(see fig. 4) representing the ring based on 1, q, q2 = i, q3 = iv, that is, the ideal 
consisting of all the integers in the cyclotomic field Q(q), where 7 is the primi- 
tive eighth root of 1. 
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Fig. 4. The beginning of the octagonal tiling { 8, t}. 
This ideal is, of course, invariant for multiplication by any ‘integer’; in par- 
ticular, by the real number 
l+q-iq=l+@. 
Therefore the planar ‘lattice’ is again nondiscrete. This dilatation by 1 + l/z is 
already visible in fig. 3. 
Since all the points are related by translations, each one of them belongs to 
eight congruent octagons (of infinitely many sizes) and to eight congruent oc- 
tagrams. For instance, we see in fig. 4 that the eight points 
i: qfi (v=O,1,...,7) 
p=O 
or 
1, 1+~, (1 +@)v, (rl+i)fi, (1+1/z)L (l+rl)i, iv, 0 
form an octagon (and, in a different order, an octagram). Thus the points 
representing the integers of Q(q) can be identified with the vertices of either of 
the nondiscrete regular tessellations 
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The peripheral octagon in fig. 4 is visibly filled with 8 + 8 rhombs (of angle 
45”) such as 
0, 1, l+rl, rl; l+l/z, (l+r;l)1/2, (1+1/z)% f+rl 
and 8 squares such as 
1, l-iv, l+j/Z!, l+q. 
In fact, every edge belongs to four rhombs and two squares; for instance, the 
edge (0,l) forms rhombs with 
(r7,1+ rl), (ia, 1 + ia), t-v, 1 -d, (-iv, 1 - iv) 
and squares with 
(i,l +i), (-i,l -i). 
By careful choice of further rhombs and squares, the peripheral octagon can 
be surrounded by such tiles so as to continue (in infinitely many ways) the con- 
struction of a simple nonperiodic tiling. In other words, the points representing ’ 
the integers in Q(q) include the vertices of all the Penrose-style tilings of such 
rhombs and squares [S, p. 10521; H, p. 2081. 
Fig. 5. The tetragonal projection of the 16.cell b4. 
4. THE INTEGERS ON Q(@j) 
By projecting & onto a different plane, we can obtain, instead of an octagon 
with diagonals, two concentric squares of different sizes connected by eight 
equilateral triangles, as in fig. 5 (which is Figure 4.2A of [CS, p. 301 and part 
of Fig. 6.2B in [C2, p. 1491; see also [CrK]). Somewhat surprisingly, the mid- 
points of the 24 edges now form two concentric dodecagons, as in fig. 6 (which 
is Figure 4.2D of [C5, p. 331). The peripheral dodecagon arises from a Petrie 
polygon of the regular 24-cell {3,4,3}, whose symmetry group [3,4,3] has a 
subgroup Q2 generated by the half-turns R,R, and R2R,. 
For the vertices of the inner dodecagon [FRS, p. 3221 we may use the 12 
twelfth roots of 1, namely (-io)” (05 VI 11) or 
1, -io, -02, i, co, -io2, -1, io, 02, -i, -0, io2. 
It is amusing to compare the octagonal and dodecagonal projections of the 
24-cell with Griinbaum’s configurations (24& and (244)2 [GR, fig. 6 on p. 3441. 
Fig. 7 illustrates the corresponding projection of the whole lattice ha,. The 
-iw2 
-1i 
-1 l- 
iw iw 
W2 -W 
-i 
3 
iw+w2 1 -w + iw* 
\ 
iw 
2+1 
wL-i -i-w 
Fig. 6. The dodecagonal projection of the 24-cell tl& 
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Fig. 7. The beginning of the dodecagonal tiling (12, y}. 
cluster of thin (30”) rhombs surrounding the origin reveals that the vertices of 
the outer dodecagon in fig. 6 are given by sums of consecutive pairs of the 
twelfth roots of 1, namely 
l-io, -iw - w2, -w* + i, i+w, w - iw*, -ia*-1, 
-1 + iw, iw + w2, w2-i, -i-w, --cc) + iw2, iw2+ 1. 
In fact, the whole set of points represents the ring based on 1, i, w, iw, that 
is, the ideal consisting of all the integers in the cyclotomic field Q(iw) = Q(e”“6). 
The ideal is, of course, invariant for multiplication by the real number 
<=2-iw+iw2=2+@ 
[S, p. 105201. 
Each point belongs to twelve congruent dodecagons (of infinitely many sizes) 
and to twelve congruent dodecagrams. For instance, we see in fig. 7 that the 
twelve points 
” 
C (-iw)” (v=O,l,...,ll) 
u=O 
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form a dodecagon (and, in a different order, a dodecagram). Thus the points 
representing the integers of Q(io) can be identified with the vertices of either 
of the nondiscrete regular tessellations 
(L2,$], jfj2,12]. 
We see also thin (30”) rhombs such as 
0, 1, 1 -io, -io, 
fat (60”) rhombs such as 
1, l+io*, l+fi, I-iw, 
and squares such as 
io*, l+io*, I-io, -iw, 
which can be assembled (in infinitely many ways) to form a simple nonperiodic 
tiling. In other words, the points representing the integers in Q(b) include the 
vertices of all the Penrose-style tilings of such rhombs and squares. (Socolar [S, 
p. 105221 and Stampfli [H, p. 2091 prefer to rearrange the tiles and to fuse three 
fat rhombs into a regular hexagon.) 
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